We present results of a study of the muon decay in orbit (DIO) contribution to the signal region of muon -electron conversion. Electrons from DIO are the dominant source of background for muon -electron conversion experiments because the endpoint of DIO electrons is the same as the energy of electrons from elastic muon -electron conversion.
The probability of DIO contribution to the signal region was considered for a tracker with Gaussian resolution function and with a realistic resolution function obtained in the application of pattern recognition and momentum reconstruction Kalman filter based procedure to GEANT simulated DIO events. It is found that the existence of non Gaussian tails in the realistic resolution function does not lead to a significant increase in DIO contribution to the signal region.
The probability of DIO contribution to the calorimeter signal was studied in dependence on the resolution, assuming a Gaussian resolution function of calorimeter. In this study the geometrical acceptance played an important role, suppressing DIO contribution of the intermediate range electrons from muon decay in orbit.
Theoretical electron spectrum from muon decay in orbit
Electron spectrum near the endpoint Electrons from muon decay in orbit are the dominant source of background for muon -electron conversion experiments. In the free decay of a muon at rest to an electron and two neutrinos, the electron's energy is at most half the muon rest energy, but in the decay of a bound muon the energy approaches that of the conversion electron, ≃ 105 MeV, when the two neutrinos carry away little energy.
General formulas obtained in [1] and [2] , describing the electron spectrum from muon decay in orbit (DIO), are complicated.
The results of numerical calculation of the electron spectrum for aluminum and magnesium are presented in Table 1 .
Note that in Table 1 the electron spectrum for aluminum is normalized to 1 but the electron spectrum for magnesium is not normalized.
Near the endpoint the electron spectrum can be presented in an analytical form found by Shanker [3] :
where δ = E max − E, δ 1 = E µ − E − E 2 /2M A , and E is the electron energy. The coefficientsD,Ẽ,F depending on nuclear charge Z, were calculated for a wide range of elements in [3] .
Eq.( 1) was obtained by neglecting the variation of the weak-interaction matrix element with energy.
The maximum possible energy of the electron is:
where M A is a nuclear mass, m µ is a muon mass, α is the fine structure constant. In particular, E max is 104.963 MeV for aluminum. In order to apply Eq.( 1) to aluminum the coefficientsD,Ẽ,F should be found for this element. This can be done, for example, by fitting numerical results presented in [3] by a polynomial of the 4th power (see Appendix A).
As a result, for aluminum these coefficients are found to be 0.3575, 0.9483, 2.2706, respectively. Note that these coefficients correspond to the normalization of the electron spectrum by the muon life time in aluminum 27 Al Watanabe [4] nat M g Herzog [ Table 1 : Decay electron spectra (DIO) for 27 Al and nat M g [5] τ Al = 0.864 µsec. The relation between the electron spectrum normalized by the muon life time in aluminum and the spectrum normalized to free muon decay is given by
where τ f ree = 2.2 µsec. Below N(E) will always refer to the spectrum normalized to free muon decay.
According to Eq.( 1) at E = 100 MeV the electron spectrum for aluminum is N (E) = 1.42 × 10 −13 M eV −1 . This number should be compared with N (E) = 1.43 × 10 −13 M eV −1 , which is the result of numerical calculations of [4] given in Table 1 but renormalized in order to take into account a muon life time in Al. On can see that the difference in these numbers is less than 1%. At 95 MeV this approximation underestimates the spectrum by approximately 30 %. Remind that Watanabe's spectrum in Table 1 was normalized to free muon decay and calculated for energies below 100 MeV.
Above E = 100 MeV the precision of Shanker's formula, obtained in phase space approximation by neglecting the variation of the matrix element with energy. Therefore the description of the spectrum is improved as one approaches the endpoint, because near the endpoint the DIO process is defined by the available phase space. Note that the numerical calculations [4] properly take into account relativistic electron wave functions and the effect of finite nuclear size on the wave functions. Thus we conclude that above 100 MeV Shanker's approximation ( 1) gives a good description of the electron spectrum with the precision better than 1%.
It is important to emphasize that neglecting of the coefficientsẼ andF at about 100 MeV leads to a significant underestimation (about 40%) of the electron spectrum N (E) = 1.0 × 10 −13 M eV −1 .
In order to simplify analytical and numerical calculations and analysis of the results we decided to use, instead of Shanker's formula, a simple two terms approximation to describe the electron spectrum near the endpoint:
For aluminum the coefficients C 0 and C 1 are determined by the following conditions: 1) It is required that at E = 100 MeV Eq.( 2) should give the same results N (E) = 1.43 · 10 −13 M eV −1 as Watanabe's spectrum in Table 1 , renormalized in order to take into account the muon life time in Al. 2) Shanker's formula Eq.( 1) is a good approximation above 100 MeV, therefore at specific energy (we choose this energy as 104 MeV) near the endpoint the approximate formula ( 2) should give the same result as Eq.( 1). These conditions give C 0 = 0.3699 × 10 −16 · M eV −6 and C 1 = 0.02132 × 10 −16 · M eV −7 for aluminum. It was found that in this case in the range 100 -104.5 MeV the spectra differ by less than 0.7%.
At 100 MeV the difference between Shanker's approximation ( 1) and two terms approximation ( 2) (and Watanabe's result) is about 0.7 %. At 95 MeV these approximations underestimate the spectrum by approximately 30 %. If one keeps only the leading term of Eq.( 2) below 103.5 MeV the difference with Shanker's approximation is about 3 -8 %
Expected number of DIO events
The expected number N of primary DIO events produced in aluminum target during the time of the experiment can be calculated as
In this equation P is the probability of DIO contribution to a signal region above the threshold energy. By assuming that a proton flux I p = 4 × 10 13 /sec, muons stopping efficiency ε µ/p in the Al target per primary proton is 0.25%, ε acc = 0.2 is the setup overall acceptance, the time of experiment T = 10 7 sec, and that the measured efficiency ε gate during the 650 nsec window, extending from 700 nsec to 1350 nsec after the pulse, is 50%:
Approximated theoretical electron spectrum
Since the calorimeter energy cutoff can be as low as 80 MeV and the contribution from the intermediate part of the electron spectrum can be important. Using the numerical results from Table 1 for aluminum, the theoretical electron spectrum can be approximated by a fit. Figure 1 shows the differential electron spectrum for muon decay in orbit in Al in linear scale. Points are the results of numerical calculations [4] . The solid line is an 8 parameter fit of the spectrum below 55 MeV in the form e f (E) where f(E) is a polynomial of power 7. The parameters of the fit are presented in Appendix B. Figure 2 shows the differential electron spectrum for muon decay in orbit in Al,a linear scale. The points are the results of numerical calculations [4] . The solid line is an 8 parameter fit of the spectrum in the range 55 -100 MeV in the form e g(E) where g(E) is a polynomial of power 7. The parameters of the fit are presented in Appendix B.
The region above 100 MeV is described by the two term approximation Eq.( 2) but its contribution in the case of low threshold energies is negligible.
The probability to produce an electron of energy above E min in muon decay in orbit in Al on the basis of the approximate theoretical electron spectrum is given by
In this expression as it was mentioned above E max = 104.963 M eV , E is the true energy of electron (at this energy an electron is created in muon decay in orbit). Figure 3 shows the probability to produce an electron of energy above E min in Al versus E min .
In the range 55 -100 MeV the approximation discussed above was used, above 100 MeV the electron spectrum was taken in the form ( 2) .
Using the probability, which is given by Eq. ( 5), one can calculate the number of primary DIO events during the time of the experiment. It is important to emphasize that in this section we calculate the total number of DIO electrons produced in aluminum target and we do not need to include in this calculation a resolution function and overall acceptance.
The number of DIO events, which is calculated using Eq.(3) with ε acc = 1, is sharply increasing with decreasing E min . In particular , for E min = 100 MeV -N = 5.7 × 10 4 , for E min = 95 MeV -N = 6.2 × 10 6 , and for E min = 90 MeV -N = 1.39 × 10 8 . Table 2 shows the probability P and the number of DIO events N with an electron energy in the given energy range. Also in Table 2 , the coefficients A and B are given, which are necessary for Monte Carlo simulation of DIO events. For this simulation it is assumed that each 5 MeV interval from E 1 to E 2 of the electron spectrum in the range 55 -100 MeV can be approximated by
It is important to note that in order to simulate a process with the threshold in measured energy E th m one has to take into account DIO electrons produced in target starting approximately at E th = E th m − 2σ. In particular, for E th m = 80M eV and σ = 5M eV it would correspond to E th = 70 MeV. According to Figure 3 and Eq.(3) in this case the number of primary DIO events would reach N = 5.65 × 10 11 making event by event simulation unfeasible. We assume that present realistic threshold for calorimeter measured energy is about 90 MeV and the minimal true energy of DIO electrons is about 80 MeV. This corresponds to the number of DIO events N = 1.13 × 10 10 which is about 50 times less than in the case of 80 MeV 
DIO events in a tracker
Probability of DIO contribution
The probability to have a signal from muon decay in orbit above a threshold E max + ∆ is given by
where E M is the measured electron energy, E is the true energy at which an electron was emitted, ∆ is the threshold energy measured from the endpoint, N(E) is the electron spectrum of muon decay in orbit, and f is the resolution function of the tracker.
For an ideal tracker the resolution function is the delta function and in this limit the probability P is given by
For the high energy part of the electron spectrum, N (E) can be approximated by Eq.(2), leading to the probability
in the case of the ideal detector. For the threshold energy ∆ = −0.7 M eV , according to Eq.(8), the probability P ≈ 6.9 · 10 −19 . This equation is approximately valid for the range −5 M eV ≤ ∆ ≤ 0. The lower limit is defined by the validity of the two term approximation ( 2) for the electron spectrum. For positive ∆ the probability P is 0 for the ideal tracker.
To deal with a realistic resolution function it is convenient to introduce a new variable y = E M − E in Eq.(7). The region of integration in y, E M variables is given in Figure 4 .
By interchanging the order of integration in E M , y and substituting E M = y + E the probability to have a signal from muon decay in orbit above a threshold takes the form A second integral over the region in y above E max + ∆ was neglected because the resolution function at such y is expected to be extremely small.
It follows immediately from this representation that the probability P is defined by the resolution function above the threshold energy ∆.
Gaussian detector response function
Let's assume that the detector response function f(y) is of the Gaussian form:
In Figure 5 the probability P of muon decay in orbit as a function of threshold energy ∆ is shown for different resolutions σ.
The two term approximation for the electron spectrum Eq.(2) was used for this plot. For small threshold energies ∆ ≈ 0 the probability is sensitive to the resolution σ and it is proportional to σ 6 . At ∆ = -1 MeV the probabilities for σ = 0.4 MeV and σ = 0.1 MeV differ by a factor 4.
Note that Eq.(8) defines the limiting probability for Figure 5 resolution σ = 0.2 MeV the probability P ≈ 2.1 · 10 −18 is about three times greater than the probability P ≈ 6.9 · 10 −19 in the case of the ideal detector. If the threshold energy ∆ > −5 M eV the probability P, given by Eq.(9), can be calculated analytically by using the two term approximation Eq.(2) for the electron spectrum. In this case
The coefficients I 0 , I 1 are given by
where u = ∆/σ, Erf c(z
In the case of interest, ∆ < −σ, Eq.(11) can be approximated by a form convenient for analysis
The precision of this approximation is better than 1% if ∆ < −σ. In the limit |∆| >> σ for negative ∆ this equation reproduces Eq.(8).
Simulated detector response function
The resolution function obtained as a result of simulation differs from the Gaussian form due to non Gaussian tails, which appear due to multiple scattering, radiation processes and a non-ideal reconstruction procedure. A pattern recognition and track reconstruction procedure based on the Kalman filter technique developed in [6] was applied taking into account backgrounds, delta-rays and straw inefficiency. The distribution in the difference between the incident momentum (P f in ) reconstructed by the forward Kalman filter procedure and the generated incident momentum (P in ) is shown in Figure 6 in linear (left) and logarithmic (right) scale. According to this distribution the intrinsic tracker resolution is σ = 0.189 MeV/c if one fits the distribution by a Gaussian in the range -0.3 to 0.7 MeV/c . It follows from Figure 6 that outside the range -0.4 to 0.4 MeV the distribution is non Gaussian.
Using this histogram, normalized by the total area of the histogram, as the resolution function, the probability to have a signal from muon decay in orbit above a threshold can be presented in the form
where n i is the number in i th bin of the histogram, n = i n i is the total number of events,
In the two term approximation Eq.(2) for the electron spectrum this equation can be rewritten as Figure 6 : Distribution in the difference between the input reconstructed momentum and the generated input momentum with the background rate of 550 kHz, delta-ray and straw efficiency 97%. Figure 7 shows the probability of DIO contribution to the signal region as a function of the threshold energy ∆ for a resolution function of the tracker obtained from the simulation (Figure 6 ).
One can see that in a logarithmic scale the probability decreases approximately linearly with an increase in threshold energy. This behavior differs from the sharp decrease of the probability in the case of Gaussian resolution function and is related to non Gaussian tails. The existence of non Gaussian tails leads to an increase in probability of DIO to contribute to the signal region but this additional contribution is not very significant. For example at the threshold energy of interest ∆ = −0.7M eV P = 2.46 · 10 −18 in the case of simulated resolution function and P = 1.93 · 10 −18 in the assumption of Gaussian resolution function with σ = 0.189M eV /c By using the two term approximation for the electron spectrum and the simulated resolution function, the expected number of primary DIO events in the tracker during the experiment with an Al target has been calculated and is presented in Table 3 . Table 3 : Expected number N of DIO events in a tracker in dependence on the threshold energy ∆. Realistic resolution function and overall acceptance are included.
DIO events in the calorimeter
A calorimeter geometrical acceptance (Figure 8 ) plays an important role in suppression of low energy charged particles.
One can see that due to a rapid fall-off the geometrical acceptance suppresses the electron spectrum below 70 MeV, reducing significantly in this way the number of DIO events detected by the calorimeter above the thresh- old energy. Figure 9 shows a differential energy spectrum of DIO electrons multiplied by the calorimeter geometrical acceptance.
One can see that in the region below 70 MeV the rapid fall-off of the geometrical acceptance with decreasing electron energy almost compensates the rapid growth of DIO electron spectrum. In particular in the range from 70 MeV to 60 MeV an increase in the electron spectrum by 2 orders of magnitude is reduced to a factor 2 due to the fall-off in the geometrical acceptance.
The probability P to have a signal in the calorimeter from muon decay in orbit above a threshold is given by Eq.( 9) with the electron spectrum multiplied by the geometrical acceptance F geom :
where, as above, y = E M − E, and E M is the measured electron energy, E is the true energy at which an electron was emitted.
In Figure 10 the probability P of muon decay in orbit contributing to the calorimeter signal as a function of threshold energy ∆ is shown. The resolution function of the calorimeter is assumed to be Gaussian. It follows from this plot that the probability is not extremely sensitive to the resolution σ, which is the consequence of fast decreasing geometrical acceptance below 70 MeV. For example, for the measured energy above 80 MeV (the threshold energy ∆ = −25 M eV ) even the change in σ from 5 MeV/c to 10 MeV/c increases the probability of DIO contribution only by a factor 5. According to this plot the probability P is a fast decreasing function of the threshold energy in the considered range because above 55 MeV the electron spectrum is a steep function of energy.
The expected number N of primary DIO events in calorimeter during the time of the experiment can be estimated by Eq.(4) with ε acc = 1.
By using the fit for the electron spectrum described above and the Gaussian resolution function, the expected number of primary DIO events in calorimeter during the experiment with Al target is calculated and is presented in Table 4 Table 4 : Expected number N of DIO events in calorimeter in dependence on the threshold energy ∆. Convolution and geometrical acceptance are included.
Muon conversion
Muon conversion process is characterized by the appearance of a monoenergetic electron with energy E max = 104.963 MeV for aluminum. The rate of µe -conversion R µe is normalized by the muon capture rate:
where Γ µe is a width for muon conversion on nucleus and Γ µcap is a width for muon capture by nucleus. The total width is defined by Γ µT otal = Γ µf ree + Γ µcap or in terms of life times
where for aluminum τ µT otal = 0.864µsec and τ µf ree = 2.2µsec. The probability P µe for muon conversion is expressed as:
The probability to have a signal from muon conversion on aluminum is given by:
The background to the signal ratio is expressed as:
where it was used that C 0 /(6 · P µe ) = 0.103 · 10 −16 /R µe . For a Gaussian resolution function this ratio can be approximated by
where as above u = ∆/σ. The precision of this formula is better than 2% for u < -2 .
The expected number of registered muon conversion events can be calculated from Eqs. (3),(18). For R µe = 10 −16 sensitivity and setup overall acceptance = 20%, the expected number of muon conversion events is:
Conclusion
In this memo we studied the detection of electrons from muon decay in orbit. These electrons are the dominant source of background for muon -electron conversion experiments because the endpoint of DIO electrons is the same as the energy of electrons from elastic muon -electron conversion.
It was found that near the endpoint (E ≃ 100MeV) the Shanker's formula [3] , obtained by neglecting the variation of the weak-interaction matrix elements with energy in DIO process is in a good agreement with the results of numerical calculations [4] properly taking into account relativistic electron wave functions and the effect of finite nuclear size on the wave functions.
It is important to note that in order to simulate a process with the threshold in measured energy E th m one has to take into account DIO electrons produced in target starting approximately at E th = E th m − 2σ. In particular, for E th m = 80M eV and σ = 5M eV it would correspond to E th = 70 MeV. In this case the number of primary DIO events would reach N = 5.65 × 10 11 making event by event simulation unfeasible. We assume that present realistic threshold for calorimeter measured energy is about 90 MeV and the minimal true energy of DIO electrons is about 80 MeV. This corresponds to the number of DIO events N = 1.13 × 10 10 which is about 50 times less than in the case of 80 MeV threshold in measured energy.
The probability of DIO contribution to a signal region was considered for the tracker with Gaussian resolution function and with the realistic resolution function obtained in the application of pattern recognition and momentum reconstruction Kalman filter based procedure to GEANT simulated DIO events.
It was found that non Gaussian tails in the simulated resolution function do not lead to a significant increase in DIO contribution to the signal region. The expected number of detected DIO events during the time of the experiment for realistic resolution function was calculated to be about 0.25 if the threshold energy ∆ = −0.7 M eV and the overall acceptance is 20%.
It was shown that the probability of DIO contribution is very sensitive to the threshold energy and proportional to ∆ 6 in the limit |∆| ≫ σ where σ is the tracker resolution.
The probability of DIO contribution to the calorimeter signal was studied in dependence on the resolution, assuming a Gaussian resolution function of the calorimeter. In this study the geometrical acceptance played an important role, suppressing DIO contribution of the intermediate range electrons from muon decay in orbit. It was found that the probability of DIO contribution is not extremely sensitive to the resolution σ, which is the consequence of the fast decreasing geometrical acceptance below 70 MeV. For example, for the measured energy above 80 MeV (the threshold energy ∆ > −25 M eV ) even the change in σ from 5 MeV/c to 10 MeV/c increases the probability of DIO contribution only by a factor 5.
The expected number N of detected DIO events in calorimeter was estimated by using the approximation of the electron spectrum in the range 55 -100 MeV. For the measured energy above 80 MeV and assuming a Gaussian resolution function of the calorimeter with σ = 5 MeV it was found that during the time of the experiment N = 5 × 10 9 .
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Appendix A Coefficients of Shanker's expansion
The coefficientD,Ẽ,F of Shanker's expansion for different materials can be determined by the fitting of numerical values ofD,Ẽ,F presented in [3] by 4th power polynomial. Figure 11 shows the results of the fit forD coefficient. Figure 11 : Numerical values ofD coefficient. Solid line is a result of fit by 4th power polynomial f = p1 + p2 * x + p3 * x 2 + p4 * x 3 + p5 * x 4 .
In the same wayẼ andF coefficients can be found. Figures 12 and 13 show the results of the fit for D and E coefficients, respectively. Table 5 representsD,Ẽ,F coefficients for different materials. Above 55 MeV the electron spectrum N f ree (E) can be described by an 8 parameter fit in the form e g(E) where g(E) is a polynomial of power 7:
For aluminum the fit, using numerical results for the electron spectrum [4] , gives: g 7 = 5.882860554682616 × 10 −10 ; g 6 = −3.311494207831439 × 10 −7 ; g 5 = 7.90482092857202 × 10 −5 ; g 4 = −1.0375709354278761 × 10 −2 ; g 3 = 0.808726145419064; g 2 = −37.4179819613308; 
